The question of the stability of unstable states of dynamical systems that do not explicitly contain a small parameter, chaos and bifurcations in them has attracted attention ever since [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . This is due to the fact that this problem often arises not only in mathematics, but also in various fields of mechanics and physics. In particular, the task of retaining atomic particles in electrodynamic traps has recently become of special interest [14] .
As a rule, the solution of such problems is reduced to the study of the model equation pendulum equations with a vibrating suspension point (1) x'' + ε r x' + (ε o + ε 1 cosτ) sin x -ε -1 cos(τ + ϕ) cos x = 0, At small deflection angles x and ε -1 = 0, the equation (1) is reduced to the well-known Mathieu equation, which admits stability of the unstable state of the inverted pendulum (ε o <0, ε -1 ≠0) outside the parametric resonance zone [2] . In 1982, the authors [6] found, on the basis of numerical simulation, stable parametrically excited oscillations of the inverted pendulum in the resonance zone. Later [1, 4] , the corresponding dependences of the oscillation amplitudes of ε o , ε 1 were obtained.
In addition to these, many other non-trivial solutions, such as vibrational, vibrationalrotational, the emergence of chaos, etc. [13] were considered. However, the large variety of methods [1] [2] [3] [4] [5] [6] and the study (1) with the expansion of sin (x), cos (x) in a series according to a degree of smallness made it difficult to cross-link particular solutions, interpret the results and understand the causes of chaos, bifurcations in systems described by equations of the type (1) .
Therefore, taking into account Poincare's two propositions [7, p. 75 ] that "... the periodic decisions are the only breach through which we could try to penetrate into the region considered to be inaccessible " (1) and that " ... the periodic solution can disappear, only merging with another periodic solution ", i.e. "... the periodic solutions disappear in pairs like the real roots of algebraic equations" (11), we use a generalization of the corresponding methods to find and examine for the stability of periodic solutions (1) with respect to the critical points of the action function [7] [8] [9] [10] [11] [12] .
To do this, we rewrite equation (1) in the Lagrangian form
In the general case, x can be a vector. We seek a solution of (2) close to a periodic solution at α frequency in the form of a series
Taking into account the dependence
), one can obtain in the approximation of slowly varying amplitudes x k , y k for the period 2π/α the following abridged equations:
, 2, …, ∞, and
In the conclusion (6), the condition of the extremeness of the action function (2) is taken into account. In the variables amplitude-phase, the equations (6) take the following form:
In the variables action-angle
Returning to equation (1), we will seek a solution in the form (8) . Using the representation cosx = Re[exp(ix)], formulas (8) and [15] (10) exp[ir n cos (nατ - 
n , ψ n , or χ n , ψ n (x n , y n ) and x 0 , y 0 .
In the simplest case of a mathematical pendulum, without taking friction and vibrations into account, the results of calculations (8) This representation of (14) leads to the expression S (11) with an accuracy of n = 2. When limiting to the terms of the order r k 4 with the expansion of J n (r k ) in S (11) and using the variables x k , y k (6), we can obtain the corresponding equations to find equilibrium points and the characteristic roots λ 0 for small ε r , in the analytic form.
In the case x 1 = x 2 = y 1 = y 2 = sin x 0 = y 0 =0 (15) In the simplest case with ε 0 =0, the bifurcation point is 1/α=2↔1/α=1 is found from the joint consideration of two periodic solutions under the scenario (11) . Carrying out similar calculations near the equilibrium point x 0 = ± (2n + 1)π/2, x 1 =y 1 =y 0 =0, one can obtain solutions with α
are unstable with respect to x 0 , y 0 for |x 2 | = π/2. Solving jointly (16), (18), one can define the corresponding bifurcation point from the condition (see Fig. 1 ):
In this case (with ε 0 = 0), the appearance of a bifurcation can simultaneously lead to the emergence of chaos in the system (1) (see Fig. 1 ). The reason for this may be fluctuations, errors from the macrosystem used in the physical, analog or numerical simulation of the deterministic system described by the equation (1) . As a result, cascades of transitions between different types of periodic motions ε 1 = ε 1 Ν (vibrational 1:2, 1:1, rotational 1:1 and others), perceived as chaos, will be observed.
Computer simulation of the equation (1) using the analog computing machinery "Rusalka" and full-scale modeling with a magnetic needle of a compass placed in a magnetic field confirmed the correctness of the results obtained within the limits of simulation errors.
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